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Beam models are usually applied in the broad area of mechan-
ical or civil engineering and particularly in the general framework
of structure (plate or beam) resonance technique. This method is
efﬁcient for determining the mechanical properties of new and
complex materials analytically e.g. (Puchegger et al., 2005; Villain
et al., 2009) or through numerical methods e.g. (Etcheverry and
Sánchez, 2009; Taylor et al., 2002). The most utilized beam model
remains the Euler–Bernoulli model that neglects the transversal
shearing of the beam section e.g. (Han et al., 1999). It is suitable
for most engineering applications but is rather limited to relatively
low frequencies and thin beam.
In the last decade, new interest is observed for the un-stressed
Timoshenko beam model since it permits to estimate beam spec-
trum in the domain of relatively high frequencies and for thick
beam e.g. (Stephen, 2006; Bhaskar, 2009; Ekwaro-Osire et al.,
2001). One of the reason is that nano beams have attracted
attention of scientiﬁc community due to their wide applications
in modern technology.
Compared to the original Euler–Bernoulli model, the Timo-
shenko beam adds the transversal shearing and also the rotational
inertia of the beam section during transversal and ﬂexional vibra-
tion. It induces some controversial problems about the existence of
so-called double spectrum of Timoshenko beam. From experimen-
tal point of view, it was however shown that only one set of fre-
quencies exist although it gives two standing waves e.g. (Chan
et al., 2002). In any case, the Timoshenko beam model provides all rights reserved.
u).more accurate description for motions of thick beams at high fre-
quencies e.g. (Yoon et al., 2004), or vibrating due to thermal excita-
tion e.g. (Hsu et al., 2008). Practically, another problem appears
since engineering application often faces the presence of beam
with some initial pre-stress due to ﬁxations e.g. (Kang and Tan,
1998). Multibody dynamics combined with numerical method
was used to analyze the nonlinear response of pre-compressed
beam e.g. (Kovacs, 1996), but limited to low frequencies.
Higher frequency modal analysis requires the exact theoretical
development of beam ﬁnite strain developed by e.g. (Simo, 1985).
Since then, as far as we know, most of the analysis of beam ﬁnite
strain is essentially numerically oriented (Auciello and Ercolano,
2004). The analysis of superimposed waves motion upon beam
ﬁnite strain is far from achieved. The missing link remains the
analytical determination of the continuum tangent operator. This
analytic expression is necessary for calculating modal mass and
modal stiffness. Indeed, in order to consider prestress effects when
performing a free vibration analysis, the free vibration equation
(undeformed structure) has to be modiﬁed to include the prestress
effect in the stiffness matrix. Thus the second variation of the
Hamiltonian action is a convenient method to obtain the corre-
sponding stiffness operator in the eigenvalue analysis around an
equilibrium point. By the way, the theory of incremental deforma-
tions around a large deformation-stressed state is usually referred
to, in the nonlinear elasticity theory, as small-on-large, or incre-
mental theory (Ogden, 1997).
The goals of the present study are ﬁrst to determine the contin-
uum tangent operator in dynamics and second to investigate the
inﬂuence of the pre-stress on vibrations superimposed on an
arbitrary initial ﬁnite strain for a three-dimensional Timoshenko
beam. The model is applied to the in-plane vibrations of a beam
supporting a longitudinal ﬁnite pre-strain.
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Fig. 1. Orthonormal director basis at each beam section: initial conﬁguration (E1,
E2, E3) and current conﬁguration (d1, d2, d3).
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We consider a Cosserat beam model (Simo, 1985) deﬁned by a
spatial material curve ðCÞ. At each point of this curve is associated a
rigid orthonormal vector base of directors (d1, d2, d3). The beam
conﬁguration is then entirely determined by this curve and the
ﬁeld of directors. Practically the curve corresponds to the positions
of the section mass center G. At each time t, this latter is deﬁned by
ðS; tÞ 2 R2 ! OGðS; tÞ ¼ uðS; tÞ, where S is a material curvilinear
coordinate of ðCÞ and O is an arbitrary ﬁxed origin. In the same
manner, the orientation of any section ðSÞ is deﬁned by
ðS; tÞ 2 R2 ! daðS; tÞ; a ¼ 1;2 where da belong to the section plane
and d3  d1  d2 is orthogonal to the section. Therefore the posi-
tion of any material point M of the beam in the deformed conﬁgu-
ration is deﬁned by the mapping e.g. (Rakotomanana, 2009) (with
summation of repeated indices):
ðn1; n2; S; tÞ 2 R3  R! OMðn1; n2; S; tÞ ¼ uðS; tÞ þ na daðS; tÞ 2 R3
ð1Þ
When the transversal shear is not neglected, the normal vector of
the section n is not tangent to the material curve ðCÞ. The plane
(d1, d2) is a material plane whereas the vector d3 is not a material
ﬁber in presence of shearing strain. The set of directors (d1, d2,
d3) is not a convected basis in the material sense (see Fig. 1).
Since the initial basis (E1, E2, E3) and the deformed basis (d1, d2,
d3) are orthonormal at any time t, there exists a rotation tensor
Q(S, t) relating them: da(S, t) = Q(S, t) Ea(S).
The generalized strain vectors of the beam as well as the spin
vector are given below e.g. (Simo, 1985).
 The transversal shear is deﬁned as:eðS; tÞ :¼ @u
@S
ðS; tÞ  d3ðS; tÞ ð2Þ The change of curvature K and twist j which is the axial vector
associated to the skew-symmetric tensor:K :¼ @Q
@S
Q T; j :¼ vecðKÞ such that Kv ¼ j v; 8v 2 R3
ð3Þ
 The spin vectorx of each section which is the axial vector asso-
ciated to the skew-symmetric tensor:W :¼ @Q
@t
Q T; x :¼ vecðWÞThe rotation Q(S, t) is independent of the choice of the directors.
Wemay choose as directors any linearly independent material vec-
tors (in a beam cross-section) and obtain the same rotation. In
addition to kinematics, the beam dynamics requires the deﬁnition
of stress and associated internal forces and moments. We limit ourstudy to elastic behavior of beams but the general outline of this
work can be generalized to other material. Considering the Kirch-
hoff–Saint Venant material model, the continuum Helmholtz free
energy is w(E) :¼ k/2Tr2E + lTrE2 where E is the Green–Lagrange
strain tensor and k and l the Lamé’s coefﬁcients. From the beam
motion deﬁned by the map (1), the deformation gradient F is given
by:F  rXu ¼ d1  E1 þ d2  E2 þ @u
@S
þ j GM
 
 E3 ð4Þ
After a straightforward calculus (Bideau et al., 2007), the Green–
Lagrange strain tensor takes the form of:
E ¼ 1
2
ðe1  n2 j3Þ E1  E3 þ E3  E1ð Þ þ
1
2
e2 þ n1 j3ð Þ
 ðE2  E3 þ E3  E2Þ þ ½e3  ðn1 j2  n2 j1Þf
þ1
2
½e3  ðn1 j2  n2 j1Þ2

E3  E3
with:
ei :¼ e  di ¼ eiðS; tÞ; ji :¼ j  di ¼ jiðS; tÞ ð5Þ
The Green–Lagrange strain E is an anti-plane tensor and is entirely
deﬁned by the knowledge of e(S, t) and j(S, t). By integrating this en-
ergy density over the cross section, we obtain an expression of the
Timoshenko free energy per unit length e.g. (Rakotomanana, 2009):
W¼l
2
Ae21þ
l
2
Ae22þ
k
2
þl
 
Ae23þ
k
2
þl
 
IGabjajbþl2Jj
2
3þW	ðe;jÞ
ð6Þ
in which W⁄(e,j) is a polynomial function of degree more than
two, A is the area of the cross section and IGab and J are respectively,
the inertial tensor for out of plane and in plane rotation of the
section:
IGab :¼
Z
S
nanb da; J :¼
Z
S
n21 þ n22 da ¼ IG11 þ IG22 ð7Þ
The general form of the inertial tensor of a (rigid) beam section is:
IG :¼
X2
a;b¼1
IGab da  db þ J d3  d3 ð8Þ
If the Cosserat directors basis da(S, t) are directed along the principal
axes of inertia of the cross-section, we have IG12 ¼ 0 and then
IG :¼ IG11d1  d1 þ IG22d2  d2 þ Jd3  d3.
With the help of the strain power and thanks to the invariance
properties of the objective derivative of the kinematics variables,
the conjugate stresses are given by Simo (1985) as:
N ¼ @W
@e
ðe;jÞ; M ¼ @W
@j
ðe;jÞ
For satisfying requirements on monotonicity of constitutive laws, it
is usual to retain up to quadratic contribution of strain energy den-
sity. This directly gives linear resultant force and moment-strain
and change of curvature law in which the elastic coefﬁcients de-
pend on both the material properties and the inertial shapes of
beam sections e.g. (Antman and Schuricht, 2003). The present work
conforms to the shearable rod model with isotropic material, under-
going ﬁnite strain and ﬁnite rotation (Simo, 1985). In this sense,
warping of the section will be discarded in this paper despite the
importance of such a feature on the ﬂexural–torsional vibration of
beams e.g. (Rand, 2000).
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Fig. 2. Applied forces on the three-dimensional continuum beam.
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In order to analyze the vibrations superimposed on a pre-strain
state, the consistent tangent operator of the beam has to be calcu-
lated. Using the Hamiltonian formalism e.g. (Simo et al., 1988), we
ﬁrst recall the Hamiltonian action in the case of three-dimensional
continuum:
A :¼
Z T
0
K U dt ð9Þ
where K and U are the kinetic energy and the energy functional of
the beam, respectively.
3.1. Admissible variation for the beam model
Since the ﬁrst and the second consistent derivations of the
Hamiltonian action are computed in the following developments,
the admissible variations of the kinematics measures have to be
clearly deﬁned ﬁrst. As previously mentioned, a conﬁguration of
the beam is speciﬁed by the position of the center line and the ori-
entation of the director frame
UðSÞ :¼ ðuðSÞ; Q ðSÞÞ 2 R3  SOð3Þ ð10Þ
where SOð3Þ :¼ R : R3 ! R3 linear j RtR ¼ I and Det R ¼ 1  is the
special orthogonal group. Let du be an inﬁnitesimal displacement of
the center line superimposed on the center line u and let eQ a
skew-symmetric tensor representing an inﬁnitesimal rotation
superimposed on an arbitrary rotation Q (here the dependence
(S, t) is implicit). Hence the perturbated conﬁguration Ue :¼ ðue;
Q eÞ 2 R3  SOð3Þ is obtained by:
ue ¼ uþ edu; Q e ¼ exp½e eQ Q
By exponentiation of a skew-symmetric tensor, one obtains an
orthogonal tensor. Thus, Qe is an orthogonal tensor. eQ is an element
of so(3) which is the Lie algebra of all skew-symmetric tensors de-
ﬁned by
soð3Þ :¼ fQ : R3 ! R3 linear j Q þ Q t ¼ 0g
Due to the isomorphism between so(3) and R3, eQ can be replaced
by its associated axial vector dx such thateQv ¼ dx v 8 v 2 R3
and denoting a superimposed inﬁnitesimal rotation. Finally, the set
of kinematically admissible variations is given by:
WU :¼ dU ¼ ðdu; dxÞ 2 R3  R3jdu  dx  0; S 2 f0; Lg
 3.2. 1st variation
We recall some basic points of the variational formulation of
shearable beam dynamics. Let B be a beam with a boundary @B.
The deformation u(n1,n2,S, t) is prescribed upon a portion @Bu of
the boundary @B of B. Surface traction pN is prescribed (per unit
initial area of the initial conﬁguration) upon the remainder of the
boundary @Bp. The beam is subjected to a body force ﬁeld qb, where
q is the mass density (see Fig. 2). The kinetic energy and the energy
functional of shearable beam are respectively deﬁned by:
K :¼ 1
2
Z
B
qk _uk2 dv;
U :¼
Z
C
W e;jð ÞdS
Z
B
qb  udv 
Z
@Bp
pN  uda ð11Þ
Since a beam is a particular continuum, the principle of virtual
power is obtained for the beam model. With the help of kineticsand kinematics variables, the principle takes the following form
e.g. (Marsden and Hughes, 1983)Z
@Bp
pN  du daþ
Z
B
qb  du dv
¼
Z
B
q
@2u
@t2
 du dv þ
Z
B
P : dF dv ; 8 du 2W
where W :¼ fdu : B ! R3; du ¼ 0;M 2 @Bug is the space of kine-
matically compatible virtual displacement, usually called the space
of variation for the continuum and P is the ﬁrst Piola–Kirchhoff
stress tensor. Variational formulation of beam is more convenient
by expressing the continuum displacement u in terms of center of
mass placement u and directors rotation Q. By the way, the rota-
tion may be formulated with angles or Euler parameters e.g.
(Rakotomanana, 2009). Consider now a non warping beam. On
the ﬁrst hand, for better understanding the application of this
principle for beam, it is worth to remind the following relationships:
du ¼ duþ dx GM; @
2u
@t2
¼ @
@t
@u
@t
þx GM
 
ð12Þ
in which dx is a kinematically admissible virtual variation of direc-
tors rotation.
On the other hand, it is also necessary to remind some relations
about the variation of strain, which are frame-indifferent varia-
tions e.g. (Criesﬁeld and Jelenic´, 1999)
dRe ¼ dR @u
@S
 
¼ @du
@S
 dx @u
@S
; dRj ¼ d @x
@S
 
¼ @dx
@S
ð13Þ
Central of the present method is the decomposition of the virtual
displacement into ﬁnite rotation and strain e.g. (Buechler et al.,
2002). With the help of these relations, it is now straightforward
to calculate each term involved in the principle of virtual power.
For the external virtual power, we have:
dWeðUÞ½dU¼ lim
!0
1

ðWeðUþdUÞWeðUÞÞ
¼
Z
@Bp
pN  ðduþdxGMÞdaþ
Z
B
qb  ðduþdxGMÞdv
¼
Z
C
q duþm dxdS
in which are deﬁned the external applied force q(S, t) per unit length
by
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Z
S
qb daþ
Z
@S
pNdl ð14Þ
and the external applied couple per unit reference length m(S, t) by
m :¼
Z
S
GM qb daþ
Z
@S
GM pNdl ð15Þ
For the internal virtual power (Bideau et al., 2007):
dWiðUÞ½dU ¼
Z
B
P : dF dv ¼
Z
C
N  dReþM  dRj dS
where we deﬁne the resultant force (or internal stress resultant)
acting on the section ðSÞ and the moment per unit reference length
in an arbitrary section, respectively:
N ¼
Z
S
P E3ð Þda; M ¼
Z
S
GM P E3ð Þda ð16Þ
Introduction of the kinematics relations on frame-indifferent varia-
tions is deemed necessary by virtue of the corresponding frame-
indifferent time derivative. Considering a bounded beam of length
‘, we have after integrating by parts:
dWiðUÞ½dU ¼ ½N  duþM  dx‘0 
Z
C
@N
@S
 duþ @u
@S
 Nþ @M
@S
 
 dx dS
The virtual power of inertial force takes the following form:
dWjðUÞ½dU ¼
Z
S
Z
C
q
@
@t
@u
@t
þx GM
 
 ðduþ dx GMÞdadS
Remembering the relation
R
S GMda ¼ 0 and the double vector prod-
uct a  (b  c) = (ac) b  (ab) c, we obtain the following relation:
dWj ¼
Z
C
q A
@2u
@t2
 duþ
Z
S
qðkGMk2I GM GMÞda
 
@x
@t
 
 dx
þx
Z
S
qðkGMk2I GM GMÞda
 
x  dxdS
Finally, the principle of virtual power gives us the variational equa-
tion of a beam, "(du, dx) 2WU:
N  duþM  dx½ ‘0 ¼
Z
C
@N
@S
þ q qA @
2u
@t2
 !
 du dS
þ
Z
C
@M
@S
þ @u
@S
 Nþm q @
@t
ðIG xÞ
 
 dx dS3.3. 2nd variation
Starting from the expression of the ﬁrst variation of the internal
energy:
dWiðUÞ dU½  ¼
Z
B
P : dF dv ¼
Z
C
N  dReþM  dRj dS
or equivalently,
dWiðUÞ dU½  ¼
Z
C
N  @ du
@S
 dx @u
@S
 
þM  @ dx
@S
dS
where U ¼ ðu;Q Þ 2 R3  SOð3Þ and dU = (du, dx) 2WU. The sec-
ond variation of the internal energy reads
DðdWiðUÞ½dUÞ½DU ¼ H1 þH2
with
H1 ¼
Z
C
@2W
@e2
 DRe  dReþ @
2W
@j@e
 DRj  dRe
þ @
2W
@e@j
 DRe  dRjþ @
2W
@j2
 DRj  dRj dS ð17ÞH2 ¼
Z
C
@W
@e
 DRdReþ @W
@j
 DRdRj dS
H1 is due to the linearization of the internal forces and corresponds
to the material part of the tangent stiffness operator. The second
term H2 is associated to the linearization of the variations of the
strain measures. H2 corresponds to the geometric part of the tan-
gent stiffness operator. From the expression of the ﬁrst derivatives
of the strain measures
DRe ¼ DR @u
@S
 
¼ @Du
@S
 Dx @u
@S
;
DRj ¼ D @x
@S
 
¼ @Dx
@S
ð18Þ
the second corotational derivatives can be written as
DRdRe ¼ Dx @du
@S
and
DRdRj ¼ dx @Du
@S
 Dx dx @u
@S
 
Thus,
H1 ¼
Z
C
@2W
@e2
 @Du
@S
 Dx @u
@S
 
 @du
@S
 dx @u
@S
 
þ @
2W
@j@e
 @Dx
@S
 @du
@S
 dx @u
@S
 
þ @
2W
@e@j
 @Du
@S
 Dx @u
@S
 
 @dx
@S
þ @
2W
@j2
 @Dx
@S
 @dx
@S
dS
or
H1 ¼
Z
C
@
@S
@2W
@e2
 @Du
@S
 Dx @u
@S
 " #
 du dS
þ
Z
C
@
@S
@2W
@j2
 @Dx
@S
" #
þ @
2W
@e2
 @u
@S
 Dx @u
@S
 (
 @u
@S
@Du
@S

 @
@S
@2W
@j@e
 @Dx
@S
þ @
2W
@j@e
 @u
@S
 @Dx
@S
 " #
 @
@S
@2W
@e@j
 @Du
@S
 Dx @u
@S
 " #)
 dx dS
For H2 we obtain
H2 ¼
Z
C
@W
@e
 Dx @du
@S
 dx @Du
@S
þ Dx dx @u
@S
  
þ @W
@j
 Dx @dx
@S
 
dS
The second derivative of the kinetic energy
DðdWjðUÞ½dUÞ½DU :¼M is
M¼
Z
C
Aq
@du
@t
 @Du
@t
þ qIG @Dx
@t
 @dx
@t
þ
Z
S
q GM GM da
 
Dxð Þ x
 
 @dx
@t
þ
Z
S
q GM GM da
 
dxð Þ x
 
 @Dx
@t
þ
Z
S
q k @GM
@t
k2I @GM
@t
 @GM
@t
 
da
 
Dxð Þ  dx dS
Finally, the second variation of the Hamiltonian action takes the
form of
DðdAðUÞ½dUÞ½DU ¼ MH1 H2
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dU = (du, dx) 2WU, and DU = Du,Dx) 2WU.
3.4. Vibration upon an equilibrium state for the ﬁnite pre-stretch
It should be noticed that H1 is a symmetric bilinear form con-
versely to H2 which is non-symmetric. This behavior is due to
the properties of corotational variations. A decomposition of H2
into a symmetric part HS2 and a skew-symmetric part HA2 can be
applied as follows: H2 ¼ HS2 þHA2, with
HS2ðdU;DUÞ :¼
1
2
½H2ðdU;DUÞ þ H2ðDU; dUÞ
HA2ðdU;DUÞ :¼
1
2
½H2ðdU;DUÞ  H2ðDU; dUÞ
After some algebraic manipulations, the following relation is
obtained:
HA2 ¼ 
1
2
Z
C
ðdx DxÞ  @M
@S
þ @u
@S
 N
 
dS
This result shows that if U is a static equilibrium state, say if
@M
@S þ @u@S N ¼ 0, then HA2 ¼ 0. In such a case, the second variation
of the internal energy can be reduced to a symmetric bilinear form
given by
DðdWjðUÞ½dUÞ½DU ¼ H1 þHS2
After integrating by parts, one obtains
HS2 ¼
Z
C
 @Dx
@S
 Nþ Dx @N
@S
 
 du dSþ
Z
C
1
2
@u
@S
 N Dxð Þ

þ Dx @u
@S
 
 Nþ 2M @Dx
@S
 Dx @M
@S

 dx dS
The governing equation of the vibration upon a ﬁnite pre-stress
equilibrium state is derived. First the second variation of the inter-
nal energy and kinetic energy are rearranged to obtain the stiffness
and mass differential operators:
DðdWjðUÞ½dUÞ½DU ¼
Z
C
dUT M DU dS; DðdWiðUÞ½dUÞ½DU
¼
Z
C
dUT K DU dS ð19Þ
Introducing:
K1 ¼
@2W
@e2
@2W
@e@j
@2W
@j@e
@2W
@j2
" #
and G1ðUÞ ¼
@
@S
@u
@S 
0 @
@S
" #
we obtain
H1 ¼
Z
C
ðG1ðUÞ dUÞTK1ðG1ðUÞ DUÞdS ¼
Z
C
dUT H1ðUÞDUdS
where the tensor G1ðUÞTK1G1ðUÞ :¼ H1ðUÞ gives the material con-
tribution of the Hessian of the internal energy. Its components are:
H111 ¼
@
@S
@2W
@e2
@
@S
" #
H121 ¼
@
@S
@2W
@e2
@u
@S

 
þ @
2W
@e@j
@
@S
" #
H211 ¼
@u
@S
 @
2W
@e2
@
@S
" #
þ @
@S
@2W
@j@e
@
@S
" #
H221 ¼
@u
@S
 @
2W
@e2
@u
@S

 
þ @
2W
@e@j
@
@S
" #
þ @
@S
@2W
@j@e
@u
@S

 
þ@
2W
@j2
@
@S
" #Using the same procedure for H2, we introduce:
K2ðUÞ ¼
0 0  @W
@e 
0 0  12 @W@j 
@W
@e  12 @W@j BsðU;WÞ
264
375 and G2 ¼
@
@S 0
0 @
@S
0 I
264
375
where the tensor BsðU;WÞ is the symmetric part of:
BðU;WÞ :¼ @u
@S
 @W
@e
 @W
@e
 @u
@S
 
I
We obtain G2ðUÞTK2G2ðUÞ :¼ H2ðUÞ the geometrical contribution
of the Hessian operator of the internal energy:
HS2 ¼
Z
C
G2 dUð ÞTK2ðUÞ G2 DUð Þ da ¼
Z
C
dUT H2ðUÞ DU da
with
H2ðUÞ ¼
0 @
@S  @W@e 
	 

@W
@e  @@S  12 @@S @W@j
	 
þBsðU;WÞ
" #
The second variation of the internal energy can be written as follow:
H ¼ H1 þHS2 ¼
Z
C
dUT HðUÞ DU da with
HðUÞ ¼ H1ðUÞ þH2ðUÞ
The second variation of the kinetic energy is:
M¼
Z
C
dUT M DU dS
where MðUÞ is the tangent inertial operator of the beam:
M :¼
Aq @2
@t2
0
0 qIG @
2
@t2
 !
The second variation of the Hamiltonian action can be written:
8 dU 2WU;
Z
C
dUT MHðUÞð Þ DU dS ¼ 0
An admissible variation DU must be solution of the linear partial
differential equation:
½MHðUÞ DU ¼ 0 ð20Þ
All these expressions are obtained by using the integration of the
free energy over a beam section. Moreover no particular form of
the Helmholtz free energy is prescript and Eq. (20) remains a quiet
general result.
In order to derive this expression in a particular case, one have
to express the moment and forces acting on each section for a gi-
ven state according to the beam free energy. The tangent stiffness
and mass is then used to express the equation of the superimposed
linear variation on this conﬁguration state. This is done in the next
section ﬁrst in the general case of in plane motion and next for the
particular case of a ﬁnite pre-stretch.
4. Adimensional equations for vibrations within a pre-stressed
beam
4.1. Derivation of the in plane motion
This section is devoted to straight plane beam analysis (Fig. 3).
In such a case, the ﬁnite kinematical variables reduce to in-plane
displacementsu :¼ OG = OG0 + uG and to rotation tensor for a ﬁnite
rotation h around d2  E2
Q ¼
cosh 0 sinh
0 1 0
sinh 0 cosh
0B@
1CA
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e ¼ @u1
@S
 sin h
 
E1 þ 1þ @u3
@S
 cos h
 
E3; j ¼ @h
@S
E2
The Timoshenko free energy reduces to
W ¼ kFGA
2
e21 þ
EA
2
e23 þ
EIG22
2
j22
where kF is the beam section coefﬁcient accounting for the non uni-
formity of shear stress within the beam section. The conjugate
stresses are then given by
N ¼ kFGA @u1
@S
 sin h
 
E1 þ EA 1þ @u3
@S
 cos h
 
E3
M ¼ EIG22 @h
@S
E2
Assuming that the ﬁnite pre-strain corresponds to an equilibrium
state, we now consider a small in-plane variation including a small
rotation Dx :¼ Dh2E2 and a small displacement:
DuðS; tÞ ¼ DuGðS; tÞ ¼ Du1 E1 þ Du3 E3
This small variations superimposed on a given ﬁnite pre-strain is
solution of:
Muu11 Huu11 0 Huh12
0 Muu33 Huu33 Huh32
Hhu21 Hhu23 Mhh22 Hhh22
0B@
1CA Du1Du3
Dh2
8><>:
9>=>; ¼ 0
Observing each terms (see annex for a detailed expression) clearly
shows that the superimposed motion is a nonlinearly depends on
the ﬁnite transformation of the beam.
4.2. Case of a ﬁnite pre-stretch
In the following example, we assume that the elastic Timo-
shenko beam undergoes a ﬁnite and static pre-traction (or pre-
compression) as initial equilibrium state:
u1 ¼ @u1
@S
¼ h ¼ @h
@S
¼ 0 and u3 ¼ u3ð‘Þ
‘
S;
where ‘ is the beam length. This leads to the in-plane partial differ-
ential equation for the superimposed motions:
@
@S kFGA
@Du1
@S  1þ @u3@S
 
Dh
 	 
þ EA @u3
@S
@Dh
@S qA @
2Du1
@t2
¼ 0
@
@S EA
@Du3
@S
 	 
qA @2Du3
@t2
¼ 0
@
@S EIG22
@Dh
@S
  kFGA 1þ @u3@S 2 þ EA @u3@S 1þ @u3@S h iDhqIG22 @2Dh@t2 ¼ 0
8>><>>:Fig. 3. Beam plane motion: u :¼ OG = OG0 + uG; directors: initial conﬁguration (E1,
E3) and actual conﬁguration (d1, d3). Out-of-plane director d2  E2.For convenience, we rewrite the equations in an original non-
dimensional formulations by introducing the following variables:
xc :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kFGA
q IG22
s
; kc :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kFG
E
r
A
IG22
s
; s :¼ xc t; v :¼ kc S
The adimensional length of the beam is deﬁned as L ¼ kc‘ and
u3ðvÞ :¼ ðu3ðLÞ=LÞv. The pre-stretch is then governed by a parame-
ter w :¼ u3ðLÞ=L ¼ u3ð‘Þ=‘ the mean ﬁber stretch (w < 0 for pre-
compression and w > 0 for pre-traction). We also deﬁne m :¼ kFG/
Ethe ratio between the averaged shear modulus and the Young’s
modulus.
Introducing these notations into the previous partial differential
equation enables to obtain the equations governing the superim-
posed variations in a non-dimensional formulation:
1ﬃﬃﬃ
m
p @
2Du1
@s2 ¼ @
2Du1
@v2  1þwþwm
 
@Dh
@vﬃﬃﬃﬃ
m
p
@2Dh
@s2 ¼ @
2Dh
@v2 þ
ﬃﬃﬃﬃ
m
p ð1þwÞ @Du1
@v  1ﬃﬃﬃmp ½mð1þwÞ2þw ð1þwÞDhﬃﬃﬃﬃ
m
p @2Du3
@s2 ¼ @
2Du3
@v2
8>><>>:
ð21Þ
As for un-stretched beam, the traction/compression (third equa-
tion) is uncoupled from the two ﬁrst ones governing the ﬂexion/
shear modes. The last equation does not depend on the mean ﬁber
stretch: the eigen-frequencies and modes will not be affected by the
ﬁnite pre-stress of the beam. Note that this interesting property
cannot be generalized to other complex stressed equilibrium con-
ﬁgurations or other material constitutive laws than Kirchhoff–Saint
Venant laws. We will focus hereafter on the ﬂexion/shear modes
where the effects of the ﬁnite pre-stress are conﬁned.
Let now consider modal description of the beam vibration look-
ing forward displacement and rotation superimposed on the initial
state and having standing waveforms:
Du1ðv; sÞ
Dhðv; sÞ
 
¼ DU1
DH
 
exp½jðkvþ ksÞ ð22Þ
with the wavenumber k 2 C and the frequency k 2 Rþ in order to
consider only standing modes (no time attenuation). Introducing
(22) into the superimposed motion equations gives the eigenvalues
problem:
A k; k;wð Þ½  DU1
DH
 
¼ 0 ð23Þ
with the matrix components:
A11 ¼ k
2ﬃﬃﬃﬃ
m
p  k2; A12 ¼ j k 1þw wm
 
; A21 ¼ j k
ﬃﬃﬃﬃ
m
p ð1þwÞ
A22 ¼
ﬃﬃﬃﬃ
m
p
k2  k2 þ 1ﬃﬃﬃﬃ
m
p ½mð1þwÞ2 wð1þwÞ
Non trivial solutions exist if and only if the determinant of the ma-
trix A is equal to zero. We deduce the dispersion equation of the
pre-stressed Timoshenko beam in non-dimensional form:
K2 þ c bKð ÞK þK2  ð1þ aÞK ¼ 0 ð24Þ
with
K :¼ k2; K :¼ k2; b :¼ 1þmﬃﬃﬃﬃ
m
p
a :¼ wðwþ 2Þ þwðwþ 1Þ
m
; c :¼ 2 wðwþ 1Þﬃﬃﬃﬃ
m
p
We easily observe that when w = 0, this equation reduces to the
classical un-stressed Timoshenko dispersion relation:
K2  b KK þK2 K ¼ 0 ð25Þ
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mensional parameter m :¼ kFG/E = kF/(2(1 + m)) is present. Classical
forms generally introduce the length of the beam as an intermedi-
ate parameter (Bhaskar, 2009; Han et al., 1999; Ekwaro-Osire
et al., 2001). The proposed method clearly shows that the shape
of the dispersion curve is only function of the Poisson ratio m and
shape ratio kF; other parameters affect only the scales.
As comparison the classical Euler–Bernoulli beam model is
characterized by the simple adimensional form K2 K = 0.
The discriminant of Eq. (24), including w as parameter is:
D ¼ ðb2  4ÞK2 þ 4 ð1þwÞ Kþ c2 ð26Þ
Physical considerations impose 1 < w and b2  4 is strictly positif
for any m such that 0 6m 6 1/2. For non-vanishing modes
(K = k2 > 0) we have D > 0 and the dispersion equation has two real
solutions K+ and K:
K
 ¼ 12 bK c

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðb2  4ÞK2 þ 4 ð1þwÞ Kþ c2
q 
ð27Þ
For a given frequency, four wave numbers compose a mode: 
 ﬃﬃﬃﬃﬃﬃKp
and 

ﬃﬃﬃﬃﬃﬃ
Kþ
p
. Moreover K+ is always positive for any triplet (K,w, m)
in Rþ  ½1=2;10;1=2. By the way, K may be negative or posi-
tive according to K. Practically, K < 0 for K <K0 and K > 0 for
K >K0 with K0 = max{0, 1 + a}. The modal analysis of a shearable
beam undergoing pre-stress requires the consideration of the dis-
tinguished cases corresponding to the sign of K. Let us calculate
the modal shapes according to this parameter.
1. Oscillating waves: high frequencies K >K0. We have four wave
number solutions: 
 ﬃﬃﬃﬃﬃﬃKþp :¼ 
k1 and 
 ﬃﬃﬃﬃﬃﬃKp :¼ 
k2 and the
modal shapes have the trigonometric form:DU1ðvÞ ¼ C1 sinðk1vÞ þ C2 cosðk1vÞ þ C3 sinðk2vÞ þ C4 cosðk2vÞ
ð28Þ
Constants Ci (i = 1, . . .,4) are obtained by means of boundary con-
ditions.
Notice that the rotation modes are linked to the translational
modes DU1 through the ﬁrst equation of the system (21). This
is already the case for un-stressed Timoshenko beam e.g.
(Rakotomanana, 2009). Indeed, by integrating the linear
momentum equation projected onto d1, we have:
Dh ¼ 1
dw
@Du1
@v þ
k2ﬃﬃﬃﬃ
m
p
Z
Du1 dv
 !
with dw :¼ 1þwþwm
 
ð29Þ
Introducing the adimensional shear wave number k20 :¼ k2=
ﬃﬃﬃﬃ
m
p
,
we obtain the expression of the rotational modal shapes:
DHðvÞ ¼ k
2
1  k20
dw k1
½C1 cosðk1vÞ  C2 sinðk1vÞ þ k
2
2  k20
dw k2
½C3
 cosðk2vÞ  C4 sinðk2vÞ ð30Þ
2. Oscillating and hyperbolic waves: low frequencies K0 >K. In such
a case K+ > 0 and K < 0 what induces real and purely complex
wave numbers 
 ﬃﬃﬃﬃﬃﬃKþp and 
 ﬃﬃﬃﬃﬃﬃKp , respectively. Introducing

 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃKp :¼ 
k2, the modes include trigonometric and hyper-
bolic functions:DU1ðvÞ ¼ C1 sinðk1vÞ þ C2 cosðk1vÞ þ C3 sinhðk2vÞ þ C4
 coshðk2vÞ ð31Þ
As previously, the rotational modes may be rewritten as:DHðvÞ ¼ k
2
1  k20
dw k1
½C1 cosðk1vÞ  C2 sinðk1vÞ
þ k
2
2 þ k20
dw k2
½C3 coshðk2vÞ þ C4 sinhðk2vÞ3. Critical oscillating wave: at the cut-off frequency K =K0.We have
K = 0 and modes have only one wave number:DU1ðvÞ ¼ C1 sinðk1vÞ þ C2 cosðk1vÞ þ C3 ð32Þ
and the rotational modal shapes:DHðvÞ ¼ k
2
1  k20
dw k1
½C1 cosðk1vÞ  C2 sinðk1vÞ ð33ÞCut-off frequencies depend on both pre-stress w and material
parameter m. We observe that 1 + a vanishes for a particular value
w0 :¼m/(1 m). Thus w0 is the pre-stress value such that low fre-
quency modes vanish. In other words, below this critical pre-stress
value which only depends on m, only pure oscillating modes can
stand along the beam.
For such beam two boundary conditions can be imposed at each
ends v = 0 and v ¼ L, what induces four independent equations.
For an assumed frequency k each wavenumber k1(k) and k2(k)
are known and boundary conditions lead to the four degrees sys-
tem depending only to k:
½Sðk;wÞ
C1
C2
C3
C4
8>><>>:
9>>=>>; ¼ 0 ð34Þ
Existence of non trivial solutions implies Det½Sðk;wÞ ¼ 0 allowing
to derive the frequency equation. Resolution of this frequency equa-
tion for any prescribed initial stretch w allows to obtain the spec-
trum {kn,n = 1, . . .,1} and the relative amplitude of modal shapes
depending on the initial stretch.
5. Numerical results
Analytical solutions have been expressed in an adimensional
form in the present chapter. Only three coefﬁcients govern the
vibration of beam: L, w and m. Elongation of a beam is character-
ized by the ratio between its length ‘ and the radius of gyration of
its section
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
IG22=A
p
. We consider here a steel (q = 7850 kg/m3,
E = 210  109 Pa, and Poisson ratio m = 0.3) beam having a slender-
ness ratio ‘=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
IG22=A
p ¼ 20 and a shear coefﬁcient factor kF = 5/6
(rectangular cross section) hence the adimensional parameters
are m = 0.32 and L ¼ 15:04. The range of variation of pre-stretch
w must be coherent with physical limitations, in particular the
elastic limit must not be reached to respect the hypothesis of elas-
tic behavior of the material and no warping must occur in confor-
mity with the kinematics hypotheses of the beam section. These
limitations depend on the constitutive material of the beam. In or-
der to keep a general discussion in this adimensional analysis we
consider a large variation domain for the pre-stretch:
0.2 6 w 6 0.2.
5.1. Nondimensional dispersion curves
The dispersion curves of the Timoshenko beam (Fig. 4) allow to
study the inﬂuence of the pre-stress state on dynamical behavior.
The dispersion relation must be respected for wave propagation in
case of inﬁnite beam as for standing waves (vibrations) in case of ﬁ-
nite beam.
The effect of the pre-stretch on the dispersion curves is not
symmetric between traction and compression state. The cut-off
adimensional frequency K0 =max{0, 1 + a} corresponds to the po-
sitive intersection of the dispersion curves with the horizontal axis.
This frequency is scaled to unity for un-stressed beam. Moreover,
the cut-off frequency increases when increasing the pre-stretch
2272 N. Bideau et al. / International Journal of Solids and Structures 48 (2011) 2265–2274value w (see (24) for expression of a). The couple (K = 0, K = 0) is
always solution of the dispersion relation what implies that the
dispersion curves always pass through the origin. For w < 0.24
we have K0 = 0 and then K > 0 for all the frequency range: no
spatial attenuation occurs and waves and vibrations are governed
by purely trigonometric functions.
As shown in (24), the non-null solution of dispersion relation at
K = 0 is K = c what is positive for compression (w < 0) and nega-
tive for traction (w > 0). For beam of ﬁnite length these solutions
are buckling modes if they respect boundary conditions; more de-
tails will be done later according to these boundary conditions.
Comparison of the unstretched Timoshenko and Euler–Bernoulli
dispersion curves clearly shows the limitation of the later model
even for relatively elongated beam: adequacy with the un-stressed
Timoshenko model is conﬁned at very low non-dimensional fre-
quency 0 6K 6 0.05. For a beam having the properties mentioned
in introduction and ‘ = 1m, adimensional frequencyK = 0.05 corre-
sponds to adimensional frequency ofxc
ﬃﬃﬃﬃ
K
p
=ð2pÞ  2 kHz.
5.2. Beam boundary conditions
Although the simply supported case is usually studied for illus-
trating the beam resonance technique e.g. (Hsu et al., 2008),
clamping constraint is more suitable for experimental measure-
ment. Indeed, accurate formulation of boundary conditions is
deemed necessary for shearable beam even without pre-stretch
e.g. (Bhaskar, 2009; Rakotomanana, 2009). In the present study,
we consider three classical boundary conditions as simply sup-
ported, clamped beam and ‘‘glued’’ beam (see Fig. 5). For all of
them the transverse displacement at the ends are null. Following
usual deﬁnitions:
 Simply supported beam: u1ðv; sÞ ¼ 0 ; @h@v ðv; sÞ ¼ 0 ; for
v ¼ 0and L.
 Clamped–clamped beam: u1ðv; sÞ ¼ 0; hðv; sÞ ¼ 0 ; for v ¼ 0
and L.
 ‘‘Glued-glued’’ beam: u1ðv; sÞ ¼ 0 ; @u1@v ðv; sÞ ¼ 0 ; for v ¼ 0
and L
For simply supported beam transverse displacement and mo-
ment are null at the end. For this particular boundary condition0 0.5 1
−1
0
1
2
3
4
5
Λ
K
Euler−Bernoulli, w=0
Timoshenko, w=−0.2
Timoshenko, w=−0.1
Timoshenko, w=0
Timoshenko, w=0.1
Timoshenko, w=0.2
Fig. 4. Inﬂuence of the pre-stretch state on the Timoshenko spectrum: adimensional di
m = 0.32. Euler–Bernoulli dispersion curve is presented for w = 0.the modes are degenerate: bending and shear standing waves be-
have independently and no coupling occurs at the boundary condi-
tions (Wang and So, 2005). The distinction between clamped beam
(no displacement and no rotation) and ‘‘glued’’ beam (no displace-
ment and no slope) is introduced in shearable beam model
although it is the same boundary condition in Euler–Bernoulli
model where @u
@v ¼ 0 is equivalent to h = 0. We adopt these terms
although the physical interpretation would better gives the name
‘‘glued-glued’’ beam for the second deﬁnition. The third boundary
conditions may be better called ’’gliding-gliding’’ beam within a
horizontal channel. It is not possible to vanish the slope and the
rotation, since it vanishes also the shearing force what is unphys-
ical for either clamped or ‘‘glued’’ beams (otherway the shear force
becomes a Lagrangian parameter of the stress).
5.3. Eigen frequencies
Eigen frequencies for simply supported, clamped–clamped and
‘‘glued-glued’’ beam are reported in Fig. 6 for various pre-stretch.
For the lowest (fundamental) non-dimensional frequency, the
curves for clamped and glued boundary conditions are quite simi-
lar and even may be merged into one what-ever the pre-stretch. As
observed in Fig. 4, Euler–Bernoulli model is still efﬁcient at this low
frequency (k <
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:05
p
). As this model does not make distinction
between these two boundary conditions, this result is coherent at
least around w = 0. For higher eigenfrequencies, this is no more
the case and the introduction of rigorous boundary condition is
highlighted even in the classical un-constrained case. For the same
value of the pre-stretch, the glued beamhas lower eigenfrequencies
than the clampedbeamandhigher than the simply supported beam.
Physically, the clamped beam looksmore rigid than the glued one in
a pre-tension or pre-compression case, which seems physically
sound. In the low frequency regime, the eigen-frequencies for the
various boundary conditions behave similarly according to the
pre-stress (except for k  0). The frequency increases with
pre-stress, in other words compression tends to reduce the cut-off
frequency whereas tension increases this limit; the behavior being
almost regular and a linear model may be pertinent close around
an equilibrium conﬁguration (Kocaturk and Simsek, 2006).
The number of hyperbolic modes depends on the pre-stretch
value. This behavior-already seen on the dispersion curve-takes1.5 2 2.5
spersion curves K(K) for various pre-strain values w = (0.2; 0.1; 0; 0.1; 0.2) and
Fig. 5. Initial and deformed conﬁgurations of the beam. From left to right: simply supported beam, clamped–clamped beam, glued–glued beam.
Fig. 6. Non-dimensional eigenfrequencies k vs. pre-stretch w for various boundary conditions (m = 0.32 and L ¼ 15:04). Cut-off frequency limit ﬃﬃﬃﬃﬃﬃK0p is presented by o-line.
Dark-gray: clamped beam (right-top), light-gray: glued beam (right-middle), black: simply supported beam (right-bottom).
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pre-stretch (w = 0) the ﬁrst oscillating mode of a glued beam
corresponds to the 8th mode whereas for a pre-stretch of 10%
(compression), the ﬁrst oscillating mode is the 5th mode.
In the domain of high frequency regime the phenomena looks
more complicated. Eigenfrequency of the glued and simply sup-
ported beam are very close for low pre-stress value (jwj < 10%) this
suggests that the distinction between these two boundary condi-
tions is pertinent only for large pre-stress or at low frequency.
One of the surprising result is that eigenfrequency is no more a reg-
ular function of the pre-stress for some boundary conditions. For
clamped boundary conditions, eigenfrequencies depends on the
pre-stretch in a clearly non linear way. For illustrating, in the re-
gion just above the cut-off frequencies, the non pre-stretched beam
has only two eigenfrequencies greater than
ﬃﬃﬃﬃﬃﬃ
K0
p
, whereas for a pre-
compressed beam at 5%, we notice seven eigenfrequencies and for
a beam with a pre-tension, no eigenfrequency is found in this fre-
quency region. A small pre-tension has induced a huge increase of
the 7th eigenfrequency. This effect of ‘‘jumping frequency’’ has al-
ready been examined for various case (Zhang and Murphy, 2005).
Null eigenfrequency is the expression of a buckling (Antman
and Schuricht, 2003). Simply supported beam reach buckling limit
for a lowest compression than clamped or glued beam what is con-
sistent with experimentation. We observe that buckling occurs for
almost the same stress for clamped and glued beams. The distinc-
tions between these two boundary conditions is relevant at the
second buckling mode.
Antman and de Cristoforis have shown that shearability of rod
may introduce some instabilities even for small loads (Antman
and Lanza de Cristoforis, 1997). Boundary conditions require fur-
ther attention since the ‘‘real’’ distribution of shear stress at the
beam ends may change the overall solution and comparison with
2D or 3D elastic solutions may be no more possible e.g. (Augardeand Deeks, 2008). In reality, warping of the cross section occurs,
leading to a variation of transverse shear stresses that is approxi-
mately quadratic. By the way, a shear coefﬁcient factor kF = 5/6
has been introduced what assumes quadratic distribution of shear
stress. Moreover modiﬁcation of this coefﬁcient does not affect the
global phenomena presented in an adimensional form in Fig. 6.
Analysis of this type of curves is far from achieved and needs
some further examination in order to derive for each regime and/
or phenomena the appropriate formulations. In order to stay in
the general background, study should be extended to other bound-
ary conditions. This will be done in a next paper.6. Concluding remarks
Beam resonance technique is more and more used for analyzing
material properties at various scale level and more recently at
nanoscale level where the shearable beam model of Timoshenko
is intensively utilized e.g. (Hsu et al., 2008; Yoon et al., 2004). This
model is based on the assumptions of small deformations and lin-
ear-elastic isotropic material behavior. In the present study, we ex-
tend this model to ﬁnite strain following (Simo, 1985). We still
neglect changes in dimensions of the cross sections since the over-
all model is based on the Cosserat continuum description with
moving but rigid directors base. Particularly, section warping is
neglected.
The present model includes the consistent (exact) tangent oper-
ator derived from the Hamiltonian function of the shearable
Timoshenko beam. It permits to accurately analyze linear waves
superimposed upon initial ﬁnite strain of beam. This approach
shows that the symmetry of the internal energy is obtained for a
static equilibrium of the ﬁnite deformed conﬁguration. The devel-
oped model is entirely built on continuum approach and is free of
2274 N. Bideau et al. / International Journal of Solids and Structures 48 (2011) 2265–2274unnecessary additional assumptions. This analysis is not affected
by the no-warping of the beam for small strain and is then partic-
ularly pertinent in this conﬁguration.
The study highlights signiﬁcant difference, from qualitative and
quantitative aspects, with respect to the classical linear
Timoshenko beam. Analytical studies have been performed using
an original dimensionless form. Eigenfrequency values are strongly
modiﬁed even for slight values of the imposed pre-stress. Particu-
larly, the existence of hyperbolic modes is strongly dependent on
the pre-stretch value.
The effect of boundary conditions on the eigenfrequencies of a
pre-stress beam has been clearly pointed-out. In particularly the
non linear dependence of these frequencies according to the pre-
stress values and for particular boundary condition constitute a
new analytical result that could be properly exploited in a experi-
mental set-up. This work gives also some new basis on buckling
analysis.
Results have been presented for the particular case of in plane
vibration superimposed on a longitudinal stress. Moreover, be-
cause the development has been realized without hypotheses on
the pre-stress, other stress conﬁguration and vibration modes
can be studied using analytical or numerical formulations.
We nevertheless believe that the next extension of this work is
to develop a nonlinear shearable beam model able to analyze the
inﬂuence of section shapes contraction and warping, for ﬁnite
bending, traction/compression, and torsion. Another extension
may be the application of more realistic material model including
anisotropy or viscoelasticity by choosing another potential
(Mooney-Rivlin for example). Note that the overall approach is
not modiﬁed if other free energy potential is used. These
extensions are expected to reﬁne the frequency analysis of in situ
pre-stressed beam.
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